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Abstract. For higher order functionals J n f(x, 8u(x), D m u(x)) dx with p(x)- growth with respect 
to the variable containing D m u, we prove that D m u is Holder continuous on an open subset Qq C f2 
of full Lebesgue- measure, provided that the exponent function p : Q — » (1, oo) itself is Holder 
continuous. 



1. Introduction 

In this paper we are concerned with regularity for minimizers of quasiconvex functionals of higher 
order with p(x)— growth. 

We consider functionals of the type 
(1.1) F[w,Cl] = ( f{x,8w(x),D m w(x))dx, 



n 



on the space W z ™' (f2;R ), N > 1, where fi C R n is an open bounded domain and / : x 



x 



M a Caratheodory function. Sw = (w, Dw, . . . , D m 1 w) denotes the vector 



< urn ,i j mug Lhe lower order derivatives. For k = 1, . . . , m we use the notation D k u = {-D a Wi}|"'j~ fe A 
for the derivative of order /c. Note that -D fe u is an element of the space © fc (R"; R ) of symmetric k- 
linear forms on R" with values in W which can be identified with the space R v *= ) . In the whole 
paper, for the seek of brevity we use the abbreviations M = N J2T=o ( aT*) and ^ = N ( n+ Z~ 1 ) ■ 
With this notation we have D rn u(x) € R^ and Su(x) € R M . 

The functional above is supposed to have p(x)- growth, i.e. p : Q — > (l,oo) is a continuous 
function and 

(1.2) /(^,^(i + Nf )/2 , 

for all x e fi, £ € R-* 4 and z G R^. Additionally we suppose the functional to be uniformly strictly 
quasiconvex (see Section [21 for the exact definition). 

We call u £ (O, M. N ) a local minimizer of the functional J 7 , if 

(1.3) \D m uf- ] £L} oc {^), 
and 



(1.4) / f{x,Su,D m u)dx< f(x,5u + 5tp,D m u + D m v)dx, 

J supp if J supp cp 

for all <p € V^ " M (fijR^) with |L>"V| P ° g Lj oc (Q) and suppt^ <s 0. 

We will prove that under additional continuity assumptions on the functional with respect to the 
first and second variable and provided the exponent function p is Holder continuous, the minimizer 
u is regular on an open set Oo C £1 of full Lebesgue measure, in the sense that D m u is Holder 
continuous on Oq- 
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Key to the proof is an estimate for the so-calles excess $, which is defined by 

V„AD>"u) ■ lY,,AD ,, '<n) j J 1 

1 B(x ,p) 



&(xo,p) = / V P2 (D m u) - (V P2 (D m u)) x 

JBixa.n) 



dx, 



with V p : R N -> M N , 2 i-> (l + |z| 2 ) 4 z and where P2 is the maximal exponent on a suitable 
ball. The function $ provides an integral measure for the oscillations of D m u in the ball B p . A 
decay estimate for $ — which can be shown under certain initial smallness conditions on $ - 
leads to Holder continuity of D m u via the integral characterization of Holder continuous functions 
due to Campanato (see jo])- The excess- decay estimate will be proved by the 'blow-up' technique: 
Supposing that the excess-decay estimate does not hold, but the excess $ is initially small, one finds 
a suitable blow-up sequence converging to the solution of a 'frozen' problem, which turns out to 
satisfy a 'good' estimate, whereas the 'bad' estimate from the beginning carries over to the elements 
of the blow-up sequence. This finally leads to a contradiction, provided that the convergence of the 
blow-up sequence is strong enough. 

The proof of this regularity theorem is one part of the authors Ph.D. thesis (see JZj). It follows 
the ideas of Acerbi & Mingione 0, who proved the result for first order functionals of the type 



T[u] := / f(x, Du) dx. 



Nevertheless there are some additional difficulties to overcome due to the higher order case and the 
dependence of the integrand on lower order derivatives D k u (k = 0, . . . , m — 1). 

As mentioned above, in order to show an excess decay estimate, the minimizcr of the original 
problem will be 'compared' to the solution of a corresponding 'frozen' problem. Since the frozen 
problem turns out to be a system of linear PDEs with constant coefficients, its solution can be 
shown — as in the first order case — to be smooth and satisfy a suitable estimate. 

However additional difficulties come up by the choice of the blow-up sequence. In order to 
guarantee the convergence of a subsequence, one needs to assume the boundedness of alle mean 
values (D k u) Xo .R, fc = 0, . . . ,m on the ball B(xo,R). This leads to an explicit restriction on the 
regular set Q . 

On the other hand, for proving a priori higher integrability of D m u, one needs a suitable Cac- 
cioppoli inequality. Therefore it will be necessary to test by a function ip which is an element of 
the space W™' p , i.e. for which the mean values of all derivatives D k (p up to order m — 1 vanish. 
Therefore the test function has the form rf np (u — P), where 77 is a cut-off function and P denotes 
the unique polynomial of order m — 1 whose coefficients arc chosen to satisfy 



/ D k {u-P) 
Jb„ 



-P)dx = 0, for A; = 0,1,..., ra -1. 

Existence and uniqueness of such polynomials are well known and can be found for example in |16j . 

The author should mention that for the sake of brevitiy, some of the proofs of the preliminary 
statements are shortened very much. At many points there are only pointed out the differences to 
the first order case. All of the statements are proved in a careful and extensive way in |17j . 
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PARTIAL REGULARITY FOR MINIMA OF HIGHER ORDER FUNCTIONALS WITH p(x) GROWTH 



2. NOTATIONS AND SETTING 

We consider minimizers u £ Wl™' (Q;M. N ) of the functional T, where the integrand function / is 
a Caratheodory function which satisfies the growth condition 

(2.1) L- 1 (^ + \z\ 2 ) E ^<f(x,tz)<L( f i 2 + \z\ 2 ) E ^ 1 , 

for all x £ fl, £ £ WL M , z £ R , and / is uniformly strictly quasiconvex with respect to the third 
variable, i.e. 

J {f(xo,€o, zq + D m ip)-f(x ,£o,zo)) dx, 

( 2 - 2 ) 1 /• / N p(xo) ~ 2 

>-j^^ + \z Q \ 2 + \D m v\ 2 ) 2 \D m V \ 2 dx, 

for all z a e R M ,xa £ !!,(o £ M. M , <p € C* °° (Q,R N ) with < fi < 1 and L > 1. Here Q = (]0,1[)" 
denotes the unit cube in IR n . 

Furthermore we demand a continuity condition in the first variable of / of the type 
\f(x,£,z) - f(x ,£,z) | 

' 5 < Lui (\x - x \) (V + M 2 )^ + + \z\ 2 )^ • (1 + |log (m 2 + M 2 ) |) , 

for all x,xq £ S7,£ £ W M ,z £ R^. w\ : (0, oo) — > (0, oo) denotes the modulus of continuity of the 
function p, i.e. is non decreasing, concave, continuous and 

(2.4) limwi (R) = 0, 

-RIO 

as well as 

(2.5) \p(x)-p(y)\ <wi(|a!-y|). 

Finally we suppose the function / to be continuous in the second variable, i.e. 

(2.6) |/ (x, Z,z)-f (x, z)\ < Lu 2 (|£ - &|) (V + Nl 2 ) ' 

for all £, £o € I^' M ,i£0,z€ H.^". Without loss of generality we assume that o>2 is concave, bounded 
and therefore subadditive. 

The main statement is the following 

Theorem 2.1. Let u £ W"^ 1 (Q.]M. N \ be a local minimizer of the functional T , where f denotes 
a function of the class C 2 with respect to the variable z, which satisfies the growth, quasiconvexity 
and continuity assumptions \2.1)) to \2. b)) . Furthermore let a £ (0,1] and the moduli of continuity 
oj\ and u)2 satisfy 

(2.7) u 1 (R)+uj 2 (R) <LR a , 

for all radii R < 1. Then there exists an open subset f2o C ^ of full measure, i.e. C n (S7 \ £Iq) = 0. 
such that D m u is locally Holder continuous in Qq for some Holder exponent. ■ 

Remark. The regularity result stated in Theorem l2 . II does not assume any further growth assump- 
tions, especially not on the second derivatives of the integrand function /. 

If jSJJ holds, condition (|2.2|l implies the following growth condition for the first derivative Df 
(if it exists): 

(2.8) \Df(x ,£ ,z)\<c(l + \z\T^-\ 

with a constant c = c(L,p(xo)), for all z £ M.^ and xq £ SI, £ M. M . Additionally if 1 < 71 < 
p(%o) < 72 < +00, then the constant c depends only on n and 72. ■ 
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Remarks on the notation. In the whole paper Q C R™, {n > 2) denotes a bounded domain in the 
space l n and B (x, R) = Br(x) the open ball {y £ l n : \x — y\ < R}. The Lebesgue measure of a 
measurable set A is abbreviated by |A| = C n (A). For a locally integrable function u £ L\ oc (VL) we 
define the mean value on the ball B by 

( u ) Xo .R-j u{x)dx = 1 / 

JB(x ,R) \B{X ,R)\ JB(x a ,R) 

In the case the centre of the ball is obvious from the context, we will often just write Br or B 
instead of B(xq, R), (u)r instead of (u) XOt R respectively. 

The letter c denotes a constant which will not necessarily be the same at different places in the 
work and which may sometimes change from line to line. Constants that will be referred to at 
other points of the work, will be signed in a unique way, mostly by different indices. In the case we 
want to emphasise the fact that a constant changes from one line to another, we will label this by 
mathematical accents, as for example c or c. For the survey we will not specify the dependencies of 
the constants in between the estimates, but of course at the end of them. 

For Q C M. n ,p > 1, let L p (fl;R N ) be the well known Lebesgue space to the power p. For m £ N 
we define the Sobolev space 

W m > p (Q;R N ) := {u e L p (Q,R N ) : D a u e L p (fi) for < \a\ < m) , 

with the multi-index a = (ai, . . . ,a n ) G N™ and the abbreviations \a\ := ai + . . . + a„ and 
D a u := D" 1 ... D^u. Furthermore let W™' p (fl] R N ) denote the closure of C°°(fi; R N ) in the space 
W m > p (tt;R N ). 

3. Basic tools and preliminary results 

3.1. General assumptions. For the whole paper we will assume that 

(3.1) limsupw! (R) log — < oo, 

Rio R 

which is a weaker condition than condition (|2.7|l . Therefore without loss of generality we can also 
assume, that for all R £ (0, 1] there holds 

(3.2) Wl 0R)logi<L, 

where L is the constant from the growth condition l|2.1|l . As all our results are local, we can 
furthermore assume that 

(3.3) 1 < 71 < p(x) < 72 < oo for all x E £1, 

(3.4) / \D m u\ p(x) dx < oo. 

Jn 

3.2. Higher integrability results. 

3.2.1. Higher integrability of \D m u\ p ('\ First we prove higher integrability for \D m u\ p ('\ A 
similar result for first order functionals (to = 1) was shown in 0. 

Lemma 3.1. Let O C fl be open and u £ W^ 1 (0,R N ) a local minimizer of the functional 

(3.5) [ f {x,5w{x),D m w(x)) dx, 

Jo 

where f : O X R M x M/^ — > M satisfies the growth and continuity assumptions \2.1\) and \2.!J\) . 
Furthermore assume that 

(3.6) / \D m u\ p{x) dx<M < oo. 
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Then there exist S,c = S, c(n, 71,72, L,M,m) > and a radius Ro = Ro(n, 71, u>(-)), such that for 
every ball Br € O with R < Rq there holds: 

(3.7) (j \D m uf x){1+S) dx^j + < c(j \D m u\ p[x) dx + ij. 



Proof. The proof of this result is more or less standard. Therefore we will show only the main steps, 
especially pointing out the additional difficulties in the higher order case. 

Let t, s € (0, 1) be such that ^<t<s<R<l and moreover 

(3.8) pi :— mm{p(x) : x e Bar} , p 2 := ma,x{p(x) : x S Bar} . 
We choose a cut-off function n S (Br) with the following properties: 

(3.9) < n < 1 on Br, r\ = outside B s , n = 1 on B t , 



(3.10) 



\D k n\ < 



c co (m) 



for all k = 1, . 



(s-ty 

Furthermore we set 

(3-11) <p(x) := r](x) (u(x) - P{x)) , 

where P : fi — * M. N denotes the unique polynomial of degree m — 1 which satisfies 

(3.12) (D k {u-P)) =4 D k (u - P) dx = for fc = 0,...,m-l. 
Finally we define 

(3.13) u:=u — ip = u — T)(u — P) = (1 — r))u + r)P. 

Then we have demoii Br \B Bl v = P on B t . By the growth condition (|2.1() , minimality of u and 
the definition of v we easily see 

f \ D ™ u \v{*) dx <L 2 J (\D m (u-r)(u- P))\ p(x) + l) dx. 

We further estimate the right hand side, using the definition of the cuf-off function and the global 
bounds (|3.3|) of the exponent function, which yields 

™ r D m-k r u _ p) PJ 



\D m u 



p(x) 



dx < 



\D m u 



pO) 



B„\B t 



k=l ■ 



(t- s y 



dx+ \B 



HI 



with a constant c = c(m, 72, L). With the standard 'hole filling' technique and application of Lemma 
13. 71 we end up with 



\D m u\ v{x) dx < c 



E 



D 



m — k 



[u - P) 



R k 



l>2 



dx+\B R \ 



By the choice of our polynomials P we are in a position to apply Poincare's inequality iteratively 
to the integrals on the right hand side, which finally leads us to the following Caccioppoli-type 
inequality: 



(3.14) 



I 



D m u\ p{x) dx < c 3 



J'br 



R 



dx + 1 



with a constant c = c(n,m,L, 72). Now we proceed exactly in the same way as shown in first 
applying Sobolev- Poincare's inequality to the right hand side, then choosing ?9 :— min{ 1 / , 71 } 
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and 'localizing', i.e. choosing the radius R so small that w(8i?) < 1, which allows us to pass over 
from p2 to the variable exponent p(x). In conclusion we end up with a reverse Holder inequality of 
the following type: 

■d 



(3.15) 



\D m u 



p(x) 



dx < c 



{ 

J Br 



p(x) 

D m u\^~ dx 



1 



for all Bji <e fi with 8R < 1, ui (8R) < ~ 1, where ?? = min | 7 i, y^^}, c = c(n, 71, 72, M, to). 

Now let i?o be the maximal R with these properties, thus 8Rq < 1, ui (8Rq) < 1? — 1, i.e. 
i?o = -Ro (^j 7i; w ('))- Then (|3.15(l holds for any B R (e f2 with i? < i?o- The statement of the lemma 



follows by an application of Gehring's lemma (see Chapter V]) with / = \D r ' 



□ 



3.2.2. An up— to— the— boundary higher integrability result. The following result up to the 
boundary is stated in |3] and we will follow the ideas from there, whereas we should mention that 
the statement which is proved here is slightely better, since we end up with the same radius of the 
balls on both sides of the inequality. This is due to a global version of the Gehring lemma, stated 
in|SI. 

Lemma 3.2. Let fl C R™ be an open set, p a constant exponent, 1 < 71 < p < 72, R > 0, Bp C Q. 
Further let g : il X — > R be continuous such that 

(3.16) < 9(x, z)<L {\z\ p + a(x)) , 

for all z e R^ with L > 1, < a G L 7 (B R ) for some 7 > 1. For given h <E W m > 9 (B R ) with q> p, 
let v be the solution of the minimization problem 



(3.17) 



lin jy g(x, D m w) dx, w£h + W™' p (B R ) | 



Then there exists e — e (n, 71, 72, L, to) G ]0,to[ with fh = min -^7— 1, ^ — l| and a constant c 
depending only on n, 7^, 72, L, m, such that 



(3.18) 



I \jyn v \pQ.+e) dx < c 

JBr 



\D m v\ p dx 



m , ip(l+m) 



|Z? m /l| 



1 + e 


1 + e 















Proof. We distinguish the interior situation and the situation on the boundary. In the interior 
situation B p = B p (xq) C B r the proof is similar to the proof of Lemma l3.ll . It is even more simple 
since the exponent p is constant. Proceeding in the standard way and additionally using Poincare's 
inequality in the same way as in the proof of Lemma l3.ll . wc end up with the following Caccioppoli- 
incquality: 

/ \D m v\ p dx<c 

Jb r 

2 

with c = c(n, L, to, 72). 

In the boundary situation B p = B p (xq) with x$ € dB R we proceed in the following way: Let 
I < t < s < p and 77 a cut-off function as in the proof of Lemma 13.11 (of course we have to take p 
instead of R here) . We define 

w := v — rj(v — h). 



^B, 



D 



rn — 1 



(v - P) 



p 




dx 4 


4 a dx 




Jb p 



PARTIAL REGULARITY FOR MINIMA OF HIGHER ORDER FUNCTIONALS WITH p(x) GROWTH 



7 



Then there holds w = v on dB p and on B p \ B s and w = h on Bt . Furthermore by (|3.17|l we have 
D k v = D k h on 8Br for fc = 0, . . . , m — 1. Therefore by minimality of v, the imposed boundary 
condition, the imposed growth condition and the special form of the function w we obtain, after 
again applying the 'hole filling' technique and using again Lemma 13.71 the estimate (Note that we 
use the notation B+ := B r n B R ) 



D m v\ p dx < 



E 



D m-k ^ _ h J 



dx+ [ \D m h\ p + [ adx 

JB+ JB+ 



with c = c(m, L. 72). Now we define the function 



_ _ f D m - k (v-h) on S+, 







on B p \B+. 



Since U-/16 W /r ™' p (S/j), we can iteratively apply Poincare's inequality in the version of |26) . Corol- 
lary 4.5.3, to 5 in combination with Holder's inequality to conclude with the following Caccioppoli- 
inequality at the boundary: 



(3.19) 



i 



D m v\ p dx<c 



i 



D 111 - 1 (v - h) 



dx 



\D m h\ p dx + -f adx 

t JB+ 



To conclude inequalities of reverse Holder type, we estimate in the interior situation via Sobolev- 
Poincare's and Holder's inequalities in the standard way. In the situation at the boundary we 
define 

D" 1 - 1 (v - h) on B+, 
on B-:=B p \B+, 

and apply the Sobolev-Poincare inequality in the version of |2fil Corollary 4.5.3, p. 452] to obtain 
(note that \B~\ > 1/2|B P |) 



v :- 



\D m - 1 (v-h)\ P dx 



\v\ dx < c- 



\Bp 



\Dv\ n+p dx 



< c 



\D m (v-h)\m> dx 



with c = c(n, 72). Substituting this into l|3.19|l and subsequently applying Holder's inequality we 
finally end up with the following reverse Holder inequalities: 



(3.20) 

and 

(3.21) 



\D m v\ p dx < 



\D m v\ px dx 



i/x 

j +J B+ (\D m h\ p + a) 



dx 



\D m v\ p dx<c 



B t , 
5 



\ i/x 




D m v\ px dx) 4 


4 adx 




Jb p 



with c = c(n, to, L, 72) and x = ttz - < 1- Note that 



... , holds for /> ■ /»' and (|3~n|) for all 

B p C Br. Therefore we can apply the global version of the Gehring lemma in |SJ Theorem 2.4], 
with the functions 
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This guarantees the existence of e = e (n,p, to, L, ko) € ]0, to[ with to := min ^7 — 1, ^ — l\ such 
that 



rn n APX<l 



\D rn v 



dx 



< c 



D m v\ p dx 



D m h\ p + a) x " dx 



for all g £ ^, — (1 + e) , with c = c(n, m, L,p). Choosing <j := — (1 + e) and raising the resulting 
inequality to the power (xp) 1 yields the desired estimate. 

Remark. As one can easily deduce from the proof of Theorem 2.4 in [S], the constant in the estimate 
above can be replaced by a constant depending only on n, to, L, 71 and 72. 

□ 



3.2.3. Higher integrability for an almost minimizer. The following lemma will be needed 
to have higher integrability for the comparison function in the blow-up procedure, obtained by 
Ekeland's principle. The result in first order case can be found in |H] for the case 1 < p < 2 and 
in P| for the case p > 2. Since the proof in the higher order case is only a slight modification of 
the proofs in case of first order, we do not give it here and refer the reader to [T7| for a detailed 
discussion. 



Lemma 3.3. Let p be constant, 1 < 71 < p < 72, L > 1, 0<A<1 and g : WL^ 
continuous function satisfying the following conditions: 

\g(z)\ < L^l + X^z^lz^LX-^VpiXz)] 2 , 

g(D m (p)dx > L- 1 [ \- 2 \V p (XD m ip)\ 2 dx, 



be a 



(3.22) 
(3.23) 

for all cp € W m ' p (B^R 1 *) . Moreover let < p, < 1 and u £ W m ' p (Bi;R N ) such that there holds 



(3.24) 



g {D m u) dx< (g (D m u + D m (p) + M \D m <p\) dx, 



for all ip S W™' p (-Bi;®^). Then there exist constants c,b"i = c, ^(n, N, m, 71, 72, L) independent 
of R, X, u, g, p, such that for every ball B 3 p> C i?i there holds 



(3.25) 



\V p (XD m u)\ 



dx < c 



4 (x 2 ii+\V p {XD m u)\ 2 ^ dx. 



3.2.4. Technical Lemma. The following technical lemma, concerning the Taylor approximation of 
the function / in the point xq will be needed later in the proof of the main theorem. For the proof 
we refer the reader to |17|. 

Lemma 3.4. Let M > 1. For xq G Q, U = {U u . . . ,U m ) G R M ,A G R M with \A\ < M, \Ui\ < 
M (i = 1, . . . , to) and X > let 

fu,A,\ (C) := A" 2 [/ (x Q , U,A + X()-f (x , U, A) - XDf (x Q , U, A) (} , 

where the function f satisfies 12. 1|) and (|2.2I) . Then there exists a constant L = L ("fi,j2i L, M) 
such that 

a) fu,A,X (C) < L (l + X 2 Id 2 ) ICI 2 = LX- 2 \V P[XQ) (AC) 1 2 , 



b) 



fu,A,x (D m tp) dx > L- 



X- 2 \V p{xo) (XD m ^)\ z dx, 
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forall<peW™' p(xo) (B V ,R N ). ■ 

3.3. Ekeland variational principle. The following lemma will play a central role in the proof of 
the main theorem. In the blow-up procedure we will need this variational principle to compare the 
minimizer u to an almost minimizer of a suitable 'frozen' problem. The lemma is cited from jlOj . 

Lemma 3.5. Let (X, d) be a complete metric space and Q : X — ► (— oo, +00] a lower semicontinuous 
functional such that inf^ Q is finite. Given e > let u € X be such that Q{u) < mix Q + e. Then 
there exists w € X such that 

d(w,u) < 1, 
Q{w) < G(u), 

g(w) < Q(v) + ed(v, w), for any v € X . 

3.4. The function V p . Let the function V = V p : R l -> R k be defined by 
(3.26) V p (z) - (l + lzl 2 )^^. 

We recall algebraic properties of the function V p (for a proof of the properties see e.g. [H]). 
Lemma 3.6. Let p > 1 and let V = V p : R k -> R k be as in Then for any z 1 neR k 

i) \V(tz)\ < m&x{t 7 tP/ 2 }\V(z)\, for any t > 0; 
ii) \V{z + ri)\<c(\V(z)\ + \V(rj)\); 
Hi) 

c 

Moreover for any z £ R k 



u , \V(z)-V(t))\ 



iv ) 



v) 



vi) 



if pe (1,2): i=min{| 2 |,|z|f/ 2 }< |F(z)| < min{|z|, |z|"/ 2 }, 
i/p > 2: max{|4 |z| p / 2 } < |F(z)| < V2max{|«|, |z| p/2 }, 



i/p£(l,2): IW-WI <c|V(*-»j)|, /oran^eE* 

ifp>2: \V(z)-V{r})\<c(M)\V(z-rf)\ ) for \rj\ < M 

if pe (1,2): |y(z-?7)| <c(M)|V(z)-V r (r/)|, /or |?7| < M 

ifp>2: \V(z-r])\<c\V(z)-V(r))\, foranyr)eR k 



with c(M),c = c(k,p) > 0. // 1 < 71 < p < 72 i/ie constants c(k,p) may be replaced by a single 
constant c = c(k, 71,72)- 

3.5. Technical Lemma II. We now formulate a technical lemma wich is — in a little more par- 
ticular version — shown in |20| . We will need this lemma in several points of the proof of the main 
theorem, especially for example when proving Caccioppoli type inequalities by the 'hole filling' 
technique. For the proof in this general situation we again refer the reader to |17j . 

Lemma 3.7. Let p > 1 be constant, K £ N, V p : R K — > R K any function for which holds 

(3.27) \V P {y + z)\ < c(|V„(y)| + |V p (z)|) for all y,zeR K 

(3.28) \V P {tz)\ < max{t,i p/2 }|V p (z)| for all z e R K , t e R 
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with a constant c = c(p, K) > 0. Moreover let < 6 < 1, Ak > 0, afc > for k = 0, . . .1, B > and 
f > be a bounded function satisfying 



(3.29) 



/(*)<*/(*)+X>* / 



h k {x) 

(s-tr 



dx + B 



for all r < t < s < R, where hk G L p (Bp) for all k — 0, . . . , I. Then there exists a constant 
c = c (p, 6 , ao , . . . , ai) such that 

I 



(3.30) 



f(r)<cJ2A k f 



hk(x) 



(R-r) 



dx + B 



3.6. Lower order derivatives. The following lemma will enable us to estimate the LP- distance 
between the term 8u(x), consisting of the derivatives of u up to order m — 1 and the mean value 
(Su)p on the ball B p by the W" l,p -norm of u . This will be useful in several points of the proofs, 
utilizing the boundedness of the mean values (D k u) p for k = 0, . . . m — 1. 



Lemma 3.8. Let p > I. For p > 0, x e B p (x ), u e W m ' p (B p (x ) . 



j>N\ 



and 



Su(x) := (u(x),Du(x), D m - l u(x)) G R N x R nN x . . . x R^Cm-i ') 

t/ie vector whose j th component contains the j th weak derivative of the function u in the point 
x G B p . Then there holds 



« m — 1 

/ p 

T Su(x) — (6u) dx < c 

J B p k=0 



pP(m-k) (\D m u\ P ) p + J2 P P(l ~ k) ( Dlu ) f 
l=k+l 



with a constant c = c(n, m,p). 



Proof. The proof consists of a sequence of elementary estimates which we will sketch in the sequel. 
Let P m : W 1 -> R N be the unique polynomial of order m — 1, satisfying 



(3.31) 

Then we have 



D fc (u(af) - P m {x)) dx = for k = 0, . . . , m - 1. 



da; < 2 p - 



\D k (u-P m )\ P dx 



D k P m - (D k u) 



dx 



= 2f- 1 ['i+^]. 

Poincare's inequality, applied m — k times to l\ (note l|3.31|l 'l leads us to 

h < cp^ m ' k ^ 4 \D m u\ p dx. 



To estimate L^ , we apply the explicit representation formula for the polynomial P m from |21| : 



(3.32) 



i=0 j=0 a£ M'-J 



4 (D e u) (y - x ) a dy {x ~ x o y , 
Jb„ 



where we use the following notation: For k G No we denote by the number d (a) = k the order of 
the multi index a G N fc . In particular d(0) = 0. Furthermore \a\ := a\ + . . . + ctk denotes the length 
of the multi index a. The set 



M j = {a e {0} UN 1 UN 2 U...UN J : \a\ = j} 
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denotes the set of all multi indices of order < j and length j. Moreover for a multi index a of order 
k and A G Q e (R™; R n ) , £ > k we set 



4 A(x- x ) a dx = 4 ...4 A(y 1 - x ) ai ■ ■ ■ (y, 
Jn Jn Jn 



k - x ) ak dyi . . .dy k . 



m Jn Jn 

^From <|3.32[1 we immediately get by differentiation for k < m: 



m— 1 



^w = EE E 



l=k j=k a^M l -i 

Therefore we can estimate 
m-i i 



' j (D e u) p (y - x f dy (x - x^ 



h = 



B, 



EE E 

£=k j=k a£M l -i 

E E E 

t=k+l j=k a>eM*-i 
m — 1 



a\(j-£)\(j-k)\ JL! 



a!(i - - fc)! 
(-l) d(a) j! 



a!(j - - k)\ 



4 {D l u) o (y ~ x ) a dy (x - xo) 3 ^ - (D k u) t 

JB„ P 

(^ u ) p (v - ^o)" dy (x - x ) j ~ 



dx 



dx 



* W E E E 

" B n 6 J. I 1 ' J.. _ TtrS- 



Bp e=k+l j=k aeM*-i 



(D e u)/4 \y-x o r dy\x-x \*V-Q dx. 

JB 



where 



4 \y-x \ pa dx = 4 ...4 I j/i - (x )i\ pai . . . \y pd ( a ) ~ (^o) £ i(a)| PQd< ° !) dy x . . .dy d{a) 

J B r , J B n J B n 



Bp J Bp 
< ^pai + ...+pa d(a) _ Jp\a\ _ tfpil-j) 

when a £ M J . Inserting this above we arrive at 



m—l 

h< E 

e=k+i 



p{l-k) 



Combining the estimates for I\ and 1% we find that 



4 D k u{x) - (D k u) 

JB„ ' 



dx < 



m — 1 



p(m—k) 



\D m u\ p ) p + E P P 



(t-k) 



-k+l 



with c = c(n,p). The claim follows now immediately by 



r p m_1 r 

4 8u(x)-{5u) p dx <c(n,m,p)Y,4 D k u{x) - (D k 

J B n 1 n J B n 



dx. 



□ 



4. Proof of Theorem 12. II 

In the whole proof u denotes the minimizer of the functional T as required in Theorem l2.ll The 
proof will be divided in several lemmas. If the function u is mentioned there, we will always assume 
the minimizing property of u without explicitely pointing it out again. 



12 



JENS HABERMANN 



4.1. Localization, choice of radii and constants. We start by Lemma 13.11 which provides a 
higher integrability exponent Si such that for any 0' <s there holds 

\D m u\ p{xK1+Sl) dx < +00. 



<v 



Since all our results are local we will assume for the rest of the proof that 

\D m u\ p[x){1+5l) dx < +00. 



n 

Certainly we can choose 61 so small such that 

< Si < min{7i - 1, 1} . 

Now let 1 < M < 00 and L = L(M) be the constant given by Lemma POI We define the function 

g(z) ■= fu,A,\{z) = A ~ 2 [/ (*o, U,A + Xz)-f (x , U, A) - XDf (x , U, A) z] , 

with U = (Ui, U m ), \Ui\ < M (I = 1,. .. ,m) and \A\ < M, and find that by Lemma the 
function g fulfills the assumptions for Lemma l3.3l with v = p(xq) — const. This yields a further higher 
integrability exponent S2 = S2 (M). Subsequently we apply Lemma f3. 21 namely with the exponent 
q = p(l + <$i/4) and the constant L replaced by 2L and therefore obtain an up-to-the-boundary 
higher integrability exponent e, with < e < 61/ '4 and e = £(71, 72, L, Si). 

Now we set 

(4.1) S 3 :=mux{e,S 2 }=S 3 (M) 
and choose a radius Rm > such that 

£*>i (Rm) < 

From now on let O <s O be an open set whose diameter does not exceed Rm- 

On the set O we can estimate the exponent p at any point in terms of the maximal or minimal 
exponent, respectively. 

Therefore we set 

(4.2) pi := inf {p(x) : x £ 0} , p 2 := sup {p(x) : x £ 0} . 
This implies (since p 2 - Pi < u (\x - x'\) < to (R M ) < S 3 /4 < e/4 < <5i/16): 

(4.3) P2 (l + S 1 /4) < pi(l + *i) < p(x)(l + 5 1 ), 

(4.4) p 2 {l + S 2 /4) < P i{l + 5 2 ) < p{x)(l + S 2 ), 

(4.5) P2 (l + e/4) < P i(l + e) < p(x) (1 + e) , 

for all x £ O. 

Remark. ^3 does in fact depend on M ( S3 — > as M — * 00). e is independent of M (see the 
dependencies of the exponent e in Lemma 13.21 for this purpose) and stays bounded away from for 
any M. ■ 

Remark. By the constraint diam(O) < Rm the open set O depends on the solution u of the 
variational problem itself. O will be chosen in a special way at the end of the proof and it will be 
shown that the regular set is open. ■ 
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4.2. Freezing. Now we will show that there exists a function u which is close to the minimizer u 
with respect to the L P2 - distance and which is an almost minimizer of the 'frozen' problem. 

Lemma 4.1. Let Mi, Mi > and B (xo, 4i?) <s O. Then there exist /3i, (3% dependent on 71, 72, L, m 
and a, but independent of Mi, M2, R and xq and a constant c(Mi, M2) such that the following 
holds: Let u be a minimizer of the functional T and {\D m u\ P2 ) XQ iR < M\, \{D k u) Xo ^n\ < M2, for 
k = 0, . . . , m — 1, then there exists a function u € u + Wq 1 ' P2 (B (xq, R) ; 1 j such that 

(1) -f \D m u - D m u\ P2 dx < cR p \ 

(2) J f(x ,(Su) R ,D m u)dx 

JB(x ,R) 

<-f f(x ,(Su) R ,D m w)dx + R^-f \D m w-D m u\dx 1 

J B(xq,R) " JB{x a ,R) 

for allweu + W^ P2 (B {x , R) ; R N ) . ■ 

Proof. We consider the frozen integrand 

g[z) := f (x , (u) R , {Du) R (D m ~ 1 u) R , z) = f (x , (Su) R , z) 

and define v S u + the unique solution of the minimization problem 

min g{D m w)dx: w € u + W^ p{xo) (B R ; R n ) J . 

The existence of v is guaranteed since the functional is quasiconvex. 



HIGHER INTEGRA BILIT Y. Applying Lemma IO to the function u leads to (using (OJ) 

(4.6) / \D m u\ M1+Sl/4) dx < c(Mi). 

Jb r 

Now, Lemma 13.21 applied to v with g(x,z) = <?(z), p = p (2^0)7 h = u E W m ' q {Br), q 
p (1 + £i/4) > p, a(x) = 1 and m = <5i/4 provides e € (0, 5i/4) such that 



^b r 



D m v \P2(l+e/4) dx 



< C 



\D m v\ p(xo) dx 



l+e 



| D m u |P(»o)(l+«i/4) dT 



l + e 
T+J77I 



= c[(l) + (2) + l]. 
The estimate above gives for the second integral 



l + e 
l+«l/4 



(2) < \J \D rn u\ P2 dx + lj < c(Mi). 

For the first integral we use the minimizing property of v, combined with the growth condition of g 
obtaining 

J \D m v\ p{xo) dxj 

<c(J \D m u\ p ^ dx + lj <(J \D m u\ P2 dx + lj <c(Mi). 
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Thus we have 
(4.7) 



iP2(l+e/4) 



dx < c(Mi) 

A COMPARISON ESTIMATE. We start by splitting as follows 

4 [g(D m u)-g(D m v)}dx = 4 [f (x , (Su) R , D m u) - f (x , (Su) R , D m v)] dx 

[f (x , (Su) R , D m u) - f (x 0) Su, D m u)] dx 

[/ (x , Su, D m u) - f {x, Su, D m u)] dx 

+ 4 [f (x, Su, D m u) - / (x, Su, D m v)} dx 

J Br 

+ 4 [f(x,Su,D m v)-f{x ,Su,D m v)} dx 
Jb r 

+ 4 [f (x , Su, D m v) - f (x Q , (Su) R , D m v)] dx 

J B R 

= 7W+/(2) + 7(3) + 7(4) +/ (5) ! 

with the obvious notation JW - I^\ Subsequently we estimate 1^ - I*- 5 -*. 
Estimate for 1^ : Using JHl and (E3 we obtain: 

J (3) < L-[ oj 2 (\Sv-Su\)^ 2 + \D m v\ 2 y 2/2 dx + L-[ oj 2 (\Sv ~ Su\) dx 

J Bn J Br 

= Z (3 '^ +/ (3 - 2) . 

We handle I 1 - 3 ' 1 ' by the higher integrability result for D m v: Therefore let r := p2(l + e) with 
§ = e/4 , and e the exponent of l|4.7|l . So e £ (0, <5i /4) and consequently r € (^2,^2(1 + Si/i)). Thus 
we obtain by Holder's inequality, the boundedness of 0J2, l|4.7|l . Jensen's inequality and [i < 1: 



j(3,i) < 



J~b r 

4 \D m v\ p ^ 1+£ / 4 Ux + l 

JBr 





— 


j dx 





u>2 P2 (\5v(x) — Su(x)\) dx 



< c 

< c(Mx)^\4 \8v~5u\dx 



4 0J2 (\Sv — Su\) 

JBr 



dx 



where a = r r P2 = To estimate j( 3 ' 2 ) we use once again the boundedness and concavity of 0J2 
and Jensen's inequality, which together with the previous estimate for /t 3 ' 1 ) leads to 

I (3) < cuj% (J \Sv - Su\ dx^j , 

with a constant c = c (71, 72, L, n, m, Mi). 

For estimating f- B \5v — 5u\ dx we remark the following: Since u — v S W™ ,P2 (Br), we can apply 
Poincare's inequality obtaining 



/ \D m - k (u-v)\ dx< cR k 4 \D m ( 

JBr JBr 



u — v)\ dx, 
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and therefore with ijOjl . (|4~?| and R < 1: 



„ m— 1 „ 



fc=0 ' 
m— 1 

c 



m— 1 



/If- J. f f fy J. 

^R m - k 4 \D m (u-v)\ dx <cJ2 Rm ' k 

k=0 ^ Br k=0 

< c(n,m,Mi)R. 

Altogether we get 

(4.8) 1^ < c Ml ^ (R) , 

with a constant cm ± = CMi {n, m, L, Mi, 71, 72). 
Estimate for 7 (2) : We use (|2~3|) and (|4"11 to obtain 







,\ p(x)/2 




o\ p(*o)/2" 






- ) + 




- |D" l u| 2 J 


■IBr 











• l + log(l + |D m u(a;)rJj dx. 
We estimate the integrand in the following elementary way: 

"(1 + \ Z \Y X0)/2 + (1 + \z\Y X)/2 } (1 + log (1 + M 2 )) < c(7i, £ ) (l + \z\">t+*M) . 
Thus we end up with 

J (2) < aj^R) (J \D m u\ P2( - 1+E) dx + lj < c Mi uji{R). 

Estimate for I^ x >: Using l|2.6ll . the concavity of lu 2 and l|4.6|) . we obtain, proceeding in an analogue 
way to the estimate of 1^ : 

< cmM (J b \ Su - i Su ) R \ dx ^j ■ 
To estimate the integral we apply Lemma \'S. 81 obtaining by the boundedness of the mean values 



fc=0 



R m ~ k c Ml + cR 



l-k. 



CM 2 



l=k+l 



which yields 



< C Ml ,M^2 (R) ■ 

Estimate for 1^ : Completely analogous to the estimate of 1^ we use (|2.3|l and (|4.7|) to find: 

< cui {R) 4 (l + \D m v\ Ml+£/A) ) dx < c Ml wi (R) . 

J B R V ' 

Estimate for I^: This term is treated exactly as /W by using (|2.6|) . (|4.7|l and the boundedness 
of the mean values (D k u): 

I {5) < c Ml u% (R) ■ 
Combining the estimates for - 1^ we finally arrive at: 

/ [9 (D m u) - g (D m v)} dx < c Mu m 2 («! (R) + w£ (R)) . 

J Br 
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By assumption H2.7J) we finally obtain for R < 1 and by letting a = era: 

(4.9) 4 [g (D m u) - g (D m v)} dx < C (R a + R° a ) < c MuM2 R a , 



with a = a (a, 71, 72, £, m) and the constant cmi,a/ 2 depending on n, L, to, 71, 72, Mi, M2. 

Remark. Since a = a (e) is independent of Mi, M%, also a does not depend on Afj, M 2 ('see Remark 
\4-l\ on paqe \liH concerning the dependencies ofe). 

Remark. In estimate J^.^ we used the boundedness of the mean values of D k u {k = 0, . . . ,m — 1) 
and 0/ |D m "u| P2 on the balls Br. However at the end of the proof we will define the regular set Qq 
in a way that these assumptions are satisfied automatically on £7q . 

A FURTHER COMPARISON FUNCTION. Since the functional T is only quasiconvex, we cannot 
directly estimate the L p -distance of D m u and D m v. Therefore we apply Ekeland's variational 
principle providing a further function u, which is close to the original minimizer u with respect to 
the L P2 - norm, therefore not anymore a minimizer of the frozen functional, but anyway an almost- 
minimizcr in the sense of (|4.11|l . 

We consider 
together with 

d:Xx X->[0,oo), (z 1 ,z 2 )^C M 1 R- &/4 -f \D m z Y ~ D rn z 2 \ dx. 

J Br 

Then the functional 

g(D m z)dx if zeu + W™' p{xo) (B R -R N ), 



g-.X-+R, Q(z):= 




otherwise 



is obviously lower semicontinuous on the complete metric space (X, d). By construction of v and 
14.91) we have 

g(v)=minG, g(u) < inf g + c Ml , M2 R a . 
Therefore Lemma \d . 51 provides u € u + W™' p ( x °' (Br;1H n } satisfying 
(4.10) 4 \D m u-D m u\dx < c Ml .M 2 R &/4 and 

J Br 

f(xo,(5u) R ,D m u)dx < 4 f{x Ql (5u) R ,D m w) dx 



^B 



>B R 

(4.11) +R 3 r 4 \D m w-D m u\dx, 

J Br 

for all w e u + W™' p{xo) (B R ; R n ) . This proves assertion (2) with fa := 35/4 = [3 2 (L, to, 71, 72 , a). 
For showing (1) we consider the functional Q : u + W™' p ^ x °\Br; R w ) — > K defined by 
0(w) = 4 f (x , (Su) R , D m w) dx + R 3dl/i 4 \D m w - D m u\ dx. 

J Br J Br 

By (14.1111 u minimizes g. Let 

g(x, z) := f (x , (6u) R , z) + i? 35 / 4 \z - D m u(x)\ . 
It is easy to see that the growth condition (|2.1|) translates into 

(4.12) L-^zf^ <g(x,z)<L \\z\ p ^ + a(xj\ , 
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with a{x) = 1 + \D m u(x)\ > and L = L + 1. We apply Lemma 13.21 to the functional Q with 

g(x, z) = f (x Q , (Su) R , z) + i? 3 "/ 4 \z - D m u\, p = p (x Q ), q = p (x ) (1 + a = \D m u\ + 1 G 

L jl (Br), 7 = 71, such that by rh = <5i/4 we obtain 



|£> m u| P2(1+e/4) dx < 



( ^B R 



l+£ 



D m u| p(a:o) dx 



m„,|P2(l+<Si/4) 



l+e 

l+«l/4 



dx 



|D m «| 1+il/4 



= c J/W + 7/( 2 ) + II& 
By (j4~TT)) . P~TU|) and g3 we obtain 

< c Ml . 

By higher integrability of D m u, II^ 2 ' is also estimated by a constant C]\i 1 . Finally Holder's inequality 
leads to 

II& <c\ 4 \D m uf Xo) dx + l) < c Ml ■ 



( ^B„ 



Therefore we conclude 
(4.13) 



^B R 



D m u\ P2(1+£/4) dx<c Ml - 



Now we interpolate between 1 andp2 (1 + e) (with the definition e — e/4 on page !14|l . For < 8 < ^ 



we write by using Holder's inequality 

/ \D m u - D m u\ P2 dx < 
Jb r 



p 2 



\D m u - D m u\ dx 

, Br j 



P2(l-«) 



l-p 2 i 



By (|4.1(J|I we get for the first integral: 

/ \ P2 $ 

// (4) < (c Ml i? 5/4 ) - c Ml i? e<i P 2 / 4 



Choosing 6* 



P2(l+e) 



— < and using higher integrability from 1|4.13[1 and l|4.6[) we have (note 



that e=f<&<£) 



i-t) 



// (5) < (7 |C m u- C m M| P2(1+J) dxj < C Ml - 



Thus we finally arrive at 



4 |D m u - L> m ii| P2 < C M R e&/i - 
Jb r 



Noting that # > ^Tjjipi =: and i? < 1 we can estimate R ae ^ by i? 59 / 4 . Wo finish the proof we 
choose pi = 8a/ 4. Note that by this choice (3\ = /3i(7i, 72, to, a) is independent of Mi, M2, since 
e is so. □ 
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4.3. Excess— Decay estimate. We set 

(4.14) [3 :-- 



2p: 



min{/3i,/3 2 } , 



and define the excess $(2:0, R) for all xq, R with B [xq, 4R) g by letting 



(4.15) 



V P2 (D m u)-V P2 ((D m u) XQiR ) 



dx + R p , 



lB(x ,R) 

where V p is the function defined in (|3.26() on page Eland p 2 is from (|4.2|l . 
We define 

(4.16) q := min{2,p 2 } , Q ■= max{2,p 2 } ■ 



Lemma 4.2 (Excess decay). Let M > 1, (3 from (|4.14|l and let O ft be an open subset whose 
diameter does not exceed Rm, as explained on vaae \lS\ Then there exist a constant Cm, depending 
also on N,m, L,"fi,"f2 and for every t £z (0,1/24) a number Sq ee Bq (t, M), such that if 



(4.17) 



[ Dku ) R 

v )x a ,R 



< M fork = 0,... 



< M, 



(D m u) 



X ,4:R. 



< M, 



$(x ,R) < e , $(x ,4R)<1 
hold on some B{xq 1 AR) (e ft, then we have 
(4.18) $(x ,tR) <C m tP$(xo,R). 



Proof. We follow the ideas of 3 . Nevertheless there are some modifications due to the higher order 
case which we will point out in the sequel. 

For the whole proof we use the abbreviations B^> = B(xh,Rh) and B± = B(xh,^Rh), as well 
as (u) B(h) ee (u) Xh ,R h , (u) (h) ee (u) XhARh respectively. 

STEP 1: BLOW UP: We prove the statement by contradiction. Therefore we assume that (P"T7|) 
holds, but (|4.18|l fails. Therefore there exists a sequence of balls B (xh, 4i?^) <e O, such that 



(4.19) 



D k u 



x h,Rh 



< M for k = 0, . . . , 



< M, 



H\ :=®{x h ,R h ) ash 



00, 



(D m u) XhARh <M, 
$(x h ,4R h ) < 1, 



$(x h ,rR h ) >C(M)T^(x h ,R h ), 



but 
(4.20) 

where C (M) will be chosen at the end of the proof. Without loss of generality we can assume that 
Rh — > as h — > 00. Exactly as in the first order case we see that there exists cm such that 

(4-21) (\D m un XhARh < cm- 

By assumption we also have \(D k u) Xh ,n h I < M for k = 0, . . . , m. We are now in a position to 
apply Lemma f4. II (with M\ :— cm from (|4.21|) and Af 2 = M from our hypothesis), which yields a 
sequence of functions Uh G u + W™' P2 (^B^;R N ) satisfying 



(4 



22)/ \D m u - D m u h \ P2 dx < c M Rh; 
Jbw 
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(4.23) / f(x h ,U h ,D m u h )dx < -f f{x h ,U h ,D m w)dx + R^4 \D m w - D m u h \ dx, 
Jbw Jbw Jbw 

for alluieii + W™' P2 (B^',R N ). We note that /3i,/3 2 are independent of/ieN and M. Here we 
used the abbreviation Uh = (Su) h = (Su) Xh R . We let 

A h := (D m u) B(h) , X 2 h := -I \V P2 (D m u h ) - V P2 (A h )\ 2 dx + . 

Jbw 

We now rescale the functions Uh in order to obtain a sequence of functions Vh on the unit ball. 
Therefore let P h : fiW -> R N be the unique polynomial of degree m, for which there holds 

(4.24) / D k (u h - P h ) dx = (fc = 0,...,m-l), D rn P h = A h . 
Jbw 

Now, using the notation B>i = B(0, 1) we define the sequence of rescaled functions by 

vh (y) ■= K lR h m K - Ph) o (x h + R h y) , yeB-L 
From H4.24J1 we immediately see that 

(4.25) (D k v h ) 01 = (A; = 0, ...,m-l), and 

(4.26) D m v h (y) = A,; 1 [D m u h o (x h + R h y) - A h ] . 
Additionally we see, exactly as in the first order case, that the sequences 

(4.27) (\D m v h \Z) heN and (x{ 2 " 2 \D m v h f 2 ) for p 2 > 2 

are uniformly bounded in L 1 (i?i) by a constant Cm- This implies the existence of a subsequence — 
without loss of generality the sequence (vh) itself — and a function v S W m ^ (l?i;R ) such that 

(a) v h ->v weakly in W m 'l (Bi;R N ), 

(b) v h -> v strongly in W™ 1 ' 1 '* (Bf,R N ), 

and therefore in particular \vh — v\— — ► strongly in L 1 (i?i), 

(c) X p h 2 ~ 2 \D k (v h - v)\ P2 -► strongly in L 1 (B x ) , for fc = 0, . . . ,m - 1, if p 2 > 2, 

(d) x h — > x in R", with iGO, 

(e) A ft ^ A in K^, with \A\ < M. 

(f) -> C/ in E M , with LT = (Z7 , • • • , f/m-i) and |C/ fc | < M (k = 0, . . . , m - 1). 
Using Lemma 13.61 and Jensen's inequality and proceeding exactly as in [3] we obtain 

(4.28) X 2 < CMfJ-hi ana1 m particular A 2 — > 0. 

STEP 2: v SOLVES A LINEAR SYSTEM: The almost minimizing property of the functions 
Uh directly translates into the following Euler-Lagrange system for the rescaled functions Vh' 

(4.29) / (Df {x h , U h , A h + X h D m v h ) , D m (p) dy + X h I ( h 2) = 0, 

J Bx 

for all ip £ C™ (Bi,M. N ), in which the second term satisfies the estimate 



(4.30) A, 4 2) < Ri 2 4 \D m v\ dy 



Jb x 



Since Df(xh, Uh, Ah) = const, there holds additionally to the Euler-Lagrange system: 

= X- 1 [ (Df (x h , U h ,A h + X h D m Vh) - Df (x h , U h ,A h ) , D m <p) dy + (II) h 



- J (1) +/ (2) 
The definition of A? and j3 immediately imply 



X h lRl h -> and therefore I (2) 
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For estimating we proceed exactly as in 0, dividing the unit ball into E^ := {x £ B\ : 
\h \D m v h \ > 1} and E^ := B\ \ E£, respectively the integral into /jf and 1^ • Deducing 
\E£\ — » by the uniform boundedness of \D m Vh\- in L 1 (i?i), and additionaly using the uniform 
boundedness of \ p h 2 ~ 2 \D m V} l \ P2 in in the case P2 > 2 together with the growth properties of 

Df leads to 

l4 1),+ ho. 

Using the fact that / is of class C 2 with respect to z and splitting the terms exactly as in [3], we 
deduce (note that \Uh\ < M) 

Urn -► / (D 2 f(x,U,A)D m v,D m tp) dy. 

/woo y fli 

Thus the function v satisfies the following linear system: 



(4.31) / (D 2 f(x,U,A)D m v,D m ip)dy = 0, 

JB X 

for all cp £ C™ (Bi;M J . Furthermore the uniform strict quasiconvexity of / directly translates into 
the following property of D 2 f ', which is equivalent to the Legendre-Hadamard condition: 

(4.32) f (D 2 f (x, U, A) D m (p, D m cp) dy > c M f \D m cp\ 2 dy, 
Jo Jo 

for all (peC$° (O; R N ) and with < c M < oo. 

Now the theory for linear elliptic systems of higher order with constant coefficients (see 
applies and yields v £ C°° (Bi ) together with the estimate 

(4.33) / \D m v-(D m v) T \ 2 dy < c M r 2 , 
for all t < 1/4. 

STEP 3: UPPER BOUND: We define the sequence of rescaled integrands 

f h (z) = fu h ,A h ,\ h ( z ) 

'■= K 2 If ( x h> Uh, A h + \ h z) - f (xh, Uh, A h ) - X h Df (xh, U h ,A h ) z] , 
for h £ N, z £ For r £ (0, 1] and w £ W m ' x (B^W*) we define furthermore 

I r h (w) := / f h (D m w) dx. 



We will show now, that for almost any r £ (0, 1/6) there holds 

(4.34) ]imsup{I r h (v h )-I r h (v)]<0. 

h— >OG 

Exactly as in the first order case we first observe that the minimality of translates into: 

(4.35) I r h (v h ) < I r h (v h + ^) + \- 2 R^ f \D m cp\ dy, 



i B T 

for all tp £ W" 1,1 (Bi) with supp</? d B r . Applying Lemma f3. 41 we observe that the hypothesis for 
Lemma f3. 31 are satisfied with g = fh, u = Vh and fi — A^ 2 i?f 2 . With the choice of the quantities 
made at the beginning of this section we observe that 



(4.36) 



J^Bi 



V p{Xh) (\ h D m v h ) 2{1+S3) 
Xh 



dx < cm- 
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In order to show H4.34J) . we proceed as in 0: Consider the sequence of Radon measures ah defined 

by 



a h (A) := / \-* \V P2 (X h D m v h )\ 2 + \V P2 (X h D m v)\ 2 



dy. 



for Borel sets A C B\. Since (ah) is uniformly bounded there exists a subsequence - again denoted 
by (ah) - and a Radon measure a with ah — 1 a (h — > oo). Since a(Bi) < oo, there holds a(dB t ) = 
for all except at most countably many t S (0,1). Thus without loss of generality we can assume 
a(dB r ) = 0. Now let < s < r < 1 and 77 G C c °° (B r ) with 

0<77<1, 7]=1 on B s , \D k r/\ < C ^ fc , for fc = l,...,m. 

(r-s) 

We test the minimality of Vh in the sense of (|4.35(l by the function iph :— r\ (v — Vh)- Inserting the 
test function and using Lemma l3.4l a straight forward estimate under consideration of the properties 
of the function V p leads to 

r h (v h )-r h (v) < ca h (B r \B s ) 

m 1 f 

+ cX h 2 E 7 \2kQ / \Vk*K) (^D m - k (v ~ v h ))\ 2 dx + o h 

k=l V ~ S ) J B T \B S 
= (I)h + (H)h+O h , 

where Oh denotes a quantity for which there holds Oh — > 0. For proving that (II)h — * 0, we use the 
strong convergence \D k (v — Vh)\ — > in L^(B\) for all k = 0, . . . , m — 1. In the case P2 > 2, we do 
this by splitting 

E+ := {x e B r \ B s : |A^™- fc (v - « h )| > 1} , := (B r \ B s ) \ E+, 

and using the properties of the function V p on the sets E^ resp. E% to estimate (IT)/, from above 
by terms containing \\A p h 2 ~ 2 \D m - k (v-v h )\P 2 \\ L i iBl ) and |||-D m_fc (u-'«/ l )| 2 |Ui(B 1 ). Due to the strong 
convergence we see that (H)h ^ as h — > 00. In the case 1 < P2 < 2, we interpolate, defining 
^ := n+p(a;i ) < I ' ^ = P^( x h) '■= Tl _p" :Eh ) an d estimating by Holder's inequality: 

7 p (X h D m - h (v-v h ))\ 2 dy 

B r \B s ' 

/ \28 

— k 



< 



B r \B s 



\V p (X h D m - k (v-v h )) \ dy 



V p (X h D m - k (v-v h ))[ dy 



' B r \B s 

While the first factor is simply estimated by c(n,p)X 2 f (J B \D m ~ k (v — Vh)\ dx) 20 , we use Sobolev- 
Poincare's inequality in the version of [9], Theorem 2 and Poincare's inequality iteratively, to estimate 
the second factor from above, obtaining (note that (XhD m (v — Vh))o,i = 0) 



2(1-8) 



B r \B s 



V p (XhD m ~ k (v - v h )) I dy 



- c \Jb \ v p( XhDm ~ k+1 ( v ~ v ^)\ d yj 

< c(^J b \V P (X h D m (v - v h ))\ 2 dy^j < c M Xl {1 - 9) 
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Taking these estimates together we conclude for any p2 > 1: 



II (v h ) - II (V) < CM 



(v - v h )\ dy + Oh 



20 



with cm = CM(n, N, M, m, 71, 72, L, v). For h — ► 00 the right hand side converges to a(B r \ B s ), 
since LD m_fc (« — 1^)1 — > strongly in L 1 for k — I,.. . ,m, and the assertion l|4.34[l follows with 
since a (dB r ) = 0. 



s — ► r 

STEP 4: LOWER BOUND: We will now show that 



/l — *C 



(4.37) limsup XI 2 / |y p2 (A* (£> m « - £ m V?l ))| 2 dy = 0, for r e (0, 1/12) . 



Therefore we proceed in a similar way to |3]: We consider £ < s < r < and let = ^(w/j — u) 
with ?7 e Co°(B r ),0 < 77 < l,ry = 1 on £? s , |£> fe ?7| < for fe = l,...,m. Then we rewrite 

Ih( v h) — Ih( v ) as follows: 

r h (v h ) r h (v) = \r h K) - r h (v + Vh )\ + \r h (v + Vh ) - r h («)] = : (/), + (ii) h . 

In the sequel we estimate (I)h and (Il)h' 

Estimate for (I)h'- We proceed similarly to step 3 to conclude 



\(I)h\ < C M 



20 



D m - k (v h -v)dy\ +o h 



Estimate for (Il)h'. Here we follow the argumentation of [3]. Therefore we only sketch the 
estimates here, pointing out the additional difficulties due to the higher order case: First, we do the 
splitting 

(II)h = [ fh (D m <p h ) dy+ [ [f h (D m v + D m <p h ) - f h (D m v) - f h (D m <p h )} dy 

=: (II)^ + (II) h 2 \ 
with the obvious labelling. 

Estimate for (11)^ : Lemma \'S . 41 directly leads us to (note that t] = 1 on B r / 2 ) 
(Ilt ] > cllXl 2 I \V p{xh) (Xh (D m v h D m v))\ 2 dy. 

JB r/2 

(2) 

Estimate for (II) h ■ Exactly as in the first order case we see that for any given < a < 1 there 
exists a C n - measurable subset S C B\ with 

C n (B 1 \S)<a and X h (\D m v h \ + \D m ip h \) -> uniformly on S. 

Therefore we split as follows 



(2) 



< 



B r \S 



\f h (D m (v + ip h )) - f h (D m v) - f h (D m Vh )\ dy 



{fh (D m (v + tp h )) - f h (D m v) - f h (D m <p h )) dy 



B r nS 



=: (11)^ +{H)r', 
with the obvious meaning of (i7)i 2,1) and (//)i 2,2) . 



x(2,2) 
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2:S 



Estimate for (II)^ ': As in 3, Proof of Prop. III.l, Step 5], Proof of Prop. 3.4, Step 5] we 
see that 



(2:2) 



as h — > oo. 



(1 w 

Estimate for (II) h ' ■ We set in the test function tp h and proceed as in step 3 (using Lemma 
I3.4|l to obtain 



(2,1) 



C 



B r \S 



V p[Xh) {X h D m v h 



dy + c 



B r \S 



V p(Xh) (\ h D m v) 



dy 



f ^ 


V p(x h ) ^ 


>B r \S 





dy. 



We use higher integrability l|4.36|l together with Holder's inequality to estimate the first term above. 
The second term is controlled via the smoothness ov v on B\, and the last term can be estimated 
exactly as in step 3 to conclude 



(II)f'^<c M \B r \S\^+J2- 



C 



,2kQ 



D' 



i — k 



(v - Vh)\ dy + Oh- 



k=i ( r - s ) 

Combining the above estimates, passing to the limit h — > oo, taking into account that Vh 
strongly in W m - 1 ' 1 (B 1 ;R N ) and using the bound ^from above found in step 3, we conclude 



lim sup X h 2 



\V p(Xh) (X h (D m v - D m Vh))\ dy < c M a (B r \ B s ) + 



Now we first let a — > and then s f r, obtaining 



(4.38) 



XI 



\V p{Xh) (X h (D m v - D m v h ))\ dy = o h , 



for almost every < r < 1/12. By the monotone dependence of the integral on the domain of 
integration the statement holds for all < r < 1/12. 

To finish the proof of step 4, we should carry over the above estimate for V p ( Xh ) to V P2 . This is 
done in Proof of Prop. 4.2, step 5, p. 333] and applies for D m v instead of Dv in exactly the 
same way. 

STEP 5: FINISHING THE PROOF: Firstly, a straight forward calculation, using Lemma ETfJl 
shows that by (|4.22|) there holds 



(4.39) 

and moreover 
(4.40) 



-2 



\V P2 (D m u h - D m uf dx = o h , 



B{x h ,rR h ) 



Vh 



V P2 ({D m u h ) Xh , TRh - {D m u) Xh ^ Ri ) 



= o h - 



We finish the proof by combining all the estimates we have shown before: 

.-2; 



lim sup n h §(x h ,TRh) 

h — >oo 



< 



cm hm sup fj, h 2 

h — >oo 

+CMT 13 lim sup H^Rh 

h — >oo 



4 \V P2 (D m u-(D™u) Xh , TRh )\ 2 dx 

JB(x h ,TR h ) 



: c m t p + c M hm sup -f \V P2 {D m u - D m u h ) \ 2 dx 

h^oo JB(x h ,rR. h ) 
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-cm lim sup \x h 2 



4 \V P2 (D m u h -(D m u h ) Xh , rRh )\ 2 dx 

h-t-oo JB(x h ,TR h ) 

+c M limsup/^ 2 |V/ p2 ((D m u h ) Xh , T R h - (D m u) XhtTRh ) | 2 



-c m lim sup fi h 2 4 

h^oc JB(x h , T R h ) 



\V P2 (D m u h -(D m u h ) Xh!TRh )\ 2 dx 

3(x h ,TR h ) 

EM-EM B r 

< c m t p + c M lim sup \- 2 4 \V P2 (X h (D m v h - (D m v h ) T ))\ dy 
< cmt 13 + c M lim sup XJ 2 4 \V P2 (Xh [D m v h - D m v))\ 2 dy 

h— »oo J Bt 

+c M limsup A,; 2 4 \V P2 (X h (D m v - (D m v) T ))\ 2 dy 

H — >OQ J B T 

+cm lim sup A^ 2 \V P2 (X h ((D m v) T - (D m v h ) T ))\ 2 



< cm (r 2 + t p ) 
< Cmt . 

Choosing for example C(M) := 2Cm, we obtain the desired contradiction. This completes the proof 
of the excess decay estimate. □ 



4.4. Iteration of the excess decay estimate. We will prove that under suitable smallness- and 
boundedness conditions we can iterate the excess decay estimate to obtain an estimate of the form 

$(x ,T k R) < cr ak . 

This is the tenor of the following 

Lemma 4.3 (Iteration). Let M > 2, B (xq, 16i?) <g O <s f2, where O = Om is the open set from 
Lemma \4-.2\ Let cm be the constant of Lemma \4-S\ and let < r < 1/24 be chosen in such a way 
that cmt 13 ' 2 < 1/4. Then there exists rj = rj (M, r) = rj (M) < Eq < 1, where £o is the constant from 
Lemma \4-H\ such that if 



(4.41) 



(D m u) XOtTR + (D m u) X(uR + (D™u) XoAR < M/4 and 
{D 3 u) xoR <M/4 for j /,/ !. . 



and 
(4.42) 

are satisfied, then there holds 



(4.43) 



$(x ,R)<ri, $(a;o,4i?)<l 



< M, $ (x ,t k R) < r kl3/2 for all k>l 



Proof. The proof of this lemma is in many points identical with the proof in the first order case 
(see for example ^2] f° r the iteration scheme). The only additional difficulty consists of veryfying 
H4.41fl 9 in every step. Therefore we only point out how to do this. So we assume that for k = 0, . . . , s 
there holds 



$(x 0) r k R) < (C M T l3 / 2 ) k <t>(x Q ,R), $(a- ,4r fc i?) < c(M)r- 2n $(x , t^R). 
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To show l|4.41|) 9 in the case P2 > 2 we start by writing 

s-l 

\(D j u) T s R \ < \(Diu) R \+J2\(D j u>)T»R-(D j u) Tk+1R \ 



k=Q 



M ^ 



1/2 



iD-'u — {D^u) T k R \ dx 



fc=0 V B tH1 H 

s-l 



fe=0 



with the obvious meaning of (II)k- To estimate (II)k, we note that (DD 3 u) T k R (x — xq) has mean- 
value zero on balls centered in xq. Therefore we obtain, applying Poincare's inequality iteratively: 

(II)k < r- n ' 2 



^/2 



4 |Z3' 7 u— (£) J u) T k^| da; 

-+ J-D-'u — (D 3 u) T k R — (DD J u) T k R {x — xq)\ 2 dx 
Jl! - * 

c P T k R[-f I DD J u — (DD J u) T k R \ dx 



1/2 



4(r fc D ^ 2 



(i, 

i?) 2 ^ |^ +2 u - (^ J+2 u) Tfcfl | 2 dx^j 



1/2 



+cpT fc i?|(Li J+2 u) T 



1/2 



< 



(c P T fe i?) m j \D m u-{D m u) TkR \ 2 dx 

m—j 

+ J2c l P 1 (r k R) l - 1 \(D^u) T k R \ 



1=2 



Since by the induction hypothesis (D l u) T k R < M for k = 0, . . . , s — 1 and / = 0, . . . , to, by the 
definition of the excess and with r k R < 1 and Lemma 13.61 we obtain 



(H)k < T- n ' 2 



(c P T k R) m - : ><f> 1 / 2 (x ,T k R) + <f>(x ,T k R)M c^i^R) 1 



1=2 



< T- n / 2 C^- J ^ 2 ( XQl T k R) + C M T- n l 2 <$>{ X0l T k R) 

Thus we end up with 

M 
1 



s-l 



(/) ,, (lr (/ | _ , rr -n/2J2[c p l - j <f> 1 / 2 (x ,T k R) + C$(x ,T k R) 



k=0 



The induction hypothesis together with cm// 2 < 1 leads to 

\(D>u) T s R \ < f +r-/ 2 X: (cMr^ 2 ) k/2 ^ 2 (x 0l R) + c^c A1 r^ 2 ) k ^x Q ,R) 



k=0 



< - +CT -„/2.* 1/2 (-0,i?) 



M 

T 



1 - VcmtP/ 2 



< M, 
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provided that n < 9 \ i 6 Ja (l — \J ca/t' 3 / 2 ^ . Note that in the case 1 < P2 < 2 we can estimate 
similary to the case P2 > 2, using the properties of the function V p , and ending up with the same 
smallness condition on n (eventually with a modified constant Cm)- D 

4.5. Construction of the regular set. We will show that the hypothesis of the excess decay 
estimate are satisfied on an open set fip of full n dimensional Lebesgue measure. 



First we define 
Si 



x e ft : limsup ( \D m u 



-00 



(4.44) 



£2 := < Xo € CI : limsup 

p\0 



(D k u) 



= +00 for fc = 0, ...,m— 1>, 



xo G ft : Urn sup 4 

p\o Jb{x ,p) 



dx > 



We will show that the smallness conditions from Lemma T4. 21 are fulfilled on the set 

[JoEfi\(E 1 UE 2 UE 3 ). 



Remark. The set Qq is of full Lebesgue measure, which can be directly seen by Lebesgue's theorem, 

/ '771,1 i 
loc 



since byue W^(Q) there holds D k u G L\ oc {VL) for k = 

Let Xq g f^o, i.e. 
(4.45) 

(4.46) 



, TO. 



limsup (\D m u\ p ^ 



< +OO, 



P\0 

lim sup I (D k u) xo p I < +00, for k = 0, . . . , m — 1 



(4.47) liminf 4 \D m u - (D m u) xo p \ dx = 0. 

PN° Jb(x ,p) 

Let Co > 1 be the constant of the higher integrability Lemma [3. II With (|4.45l) and (|4.4{j|) we can 

assume that there exists M > max{2, 8cq} such that 



(4. 



(1 



D m u 



p(x) 







M 




(D k u) 


< — 


/ x ,2p \8cqJ 


\ 1 x a ,p 


~ 4 



for k = 0, . 



for all radii < p < po with po > 0. With l|4.47|l there exists a sequence of radii ph I such that 

\D m u - (D m u) XOjPh \ dx^O as h -> 00. 



'B(Ko>Ph) 

We consider such a sequence p^,. Then a straight forward estimate shows 

/ \D m u-{D m u) X(hPh/4 \dx<2-A n -l \D m u~(D m u) X0 ,p h \ 

JB(x ,p h /4) J B{x ,p h ) 



and 



/ \D m u - (D m u) X0 . Tph/ ,\ dx < 2 (4/rf / |£> m tx - (D m tt)«o,«J dx. 

J B(x a .Tp h /4) JB(x ,p h ) 

The constant M from above fixes cm of the excess decay Lemma [4.21 Therefore r = t(M) in the 
excess decay estimate is fixed, and this again fixes the smallness parameter 77 = t](M,t). 

Let B < 1 and 9 be chosen in such a way that there holds 

2^Mc M (B^ e + B™) <\ and 1 = p 2 + r^rr, 

4 1 + oi/4 
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where cm denotes the square of the constant appearing in Lemma 13.61 So we have 
1 . *i/4 



P2 ~ P2 (1 + Si/ 4) - 



=e(Si,p 2 )>0, B = B(M,c M ,P2,0,v)- 

1 + 0i/4) - 1 

Then with the considerations above with ph =: AR (for some ft> 1) we have 
(4.49) / \D m u - (D m u) X0 . p \ dx < B, 

JB(x ,a) 

for a = AR, a = R and a = tR. Moreover we assume that R is so small that 

m < \ 

Then by \A.'6\ and the higher integrability Lemma \i. II one can easily see 

^ mu | P2 (i+^/4)\ < 

V / xq ,a 2 

Furthermore by interpolation between 1 and p2 (1 + Si/A) one can see 

/ \D m u - (D m u) Xo><T \ P2 dx < 2 h2 ^MB 6p2 . 

JB(x ,<t) 

Consequently we can estimate the excess $(xq, cr) as follows: In the case 1 < P2 < 2 by |(Z) m tt) a;0;Cr | < 
M we obtain with the properties of the function V p : 



(x , a) < c M 4 \D m u ~ {D m u) X0 , a \ P2 dx + a < 2^ 2 MB 6p2 + a 13 < 

JBtxa.cr) 



' B(x ,a) 

In the case pi > 2 we obtain by Holder's inequality and the properties of V p : 



®(%o,o-) < c M 



< C M 



\D m u-(D m u) Xo , a \ P2 dx + 

B(x ,(j) 

MB 9p2 + 2^ 2 l p2l2)2 M 2 l p2 B 26 



S(x ,<t) 



\D m u-(D m u) X0 , a \ P2 dx 



< c M M2^ 2 [B 6p2 + B 26 } + (ARf < | < n. 
Thus the conditions for the excess decay estimate are satisfied. 

4.6. Localization and Conclusion. Now we will show that £Iq is actually open and that for 
x £ Q , if l|4.41|l and I4.42|l hold for a suitable M, there holds 



(4.50) 

for all < p < R M - 



B(xo,p) 



V P2 (D™u) - (V P2 {D m u)) x 



0,P 



dx < C M p P/ \ 



Therefore, let xq £ Qo and M be fixed as in (|4.48(l . Moreover let Rm > be chosen as in the 
beginning, i.e. 

u(Rm)<j with 5 3 = S 3 (M), 

where 63 denotes the higher integrability exponent from 14.11) . Let furthermore be R < i?A//32, 
such that (|4.49(l holds for a = tR, a = R and er = AR. 

We set 

(4.51) O M :=B(x ,R M ). 

By step 2 the conditions (|4.41() and (|4.42() for the iteration are fulfilled. The iteration (step 1) 
provides 

(4.52) 



(D m u) x ^ TkR < M, $ (x , r k R) < r^ 2 , 
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for all k > 1. Thus statement ()4.50|) follows immediately in the case p — r k R since 



\V P2 (D m u) - (V P2 (D m u)) xg p \ 2 dx <*(x ,p) < C M p m . 

' B(x ,p) 

The statement for arbitrary radii we obtain by interpolation. 



Now by construction of Om for any point x\ £ flo n B (xo, R) with R < Rm/32 there holds 

(4.53) B(x l ,R)£\B{x ,R M )=O M for all i? < i? M /32. 

Thus also on B(x\,R) for R < Rm/32 the conditions for the iteration of the excess function are 
satisfied. In conclusion the regular set Qq is open. 

Now we have shown that 

(4.54) / \V P2 (D m u) - (V P2 (D m u)) x \dy< C M pPI\ 

JB{x,p) 

for all x £ B (xo, Rm/32) and for any radius < p < Rm/32. Campanato's integral characterization 
implies that V P2 (D m u) is Holder continuous with exponent 0/4 on B (xo, Rm/32). 

Now, as one can easily see, Holder continuity carries over from V P2 (D m u) to D m u itself, with 
exponent = min{l, 2/p 2 }0/8. 

By (f 4 . 1 4f> and H4.2JI the Holder exponent depends on the local situation (in particular on Om)- 
However the exponents 0\ and 02 only depend on the global bounds 71 , 72 of the function p (see 
Lemma f4. If) . More precisely by 

= min{l,2/p 2 }j9/8, = l/2p 2 mm{0 1 ,0 2 } 

there holds 

(4.55) 0£ [ft, /3 2 ] , 
in which 

01 = min{l,2/ 72 }l/(167 2 )min{/3i,^ 2 }, 

2 = min{l,2/ 7l }l/(16 7l )min{/3 1 ,/3 2 }. 

By a covering argument we can show Holder continuity of D m u on the whole set £1q- 



Thus the proof is finished. QED 
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